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Let S = (P, B, I) be a generalized quadrangle of order (s, r). For x, y  E P, x + y, 
let Z’(x, y) be the group of all collineations of S fixing x and y  linewise. If  ZE 
{x, y}‘, then the set of all points incident with the line xz (resp. yz) is denoted by 
E (resp. j??). The generalized quadrangle S = (P, B, I) is said to be (x, y)-transitive, 
x + y, if &‘(x, y) is transitive on each set .E- {x, z} and F - {y, z}, ZE {x, y  }‘. 
I f  S= (P, B, I) is a generalized quadrangle of order (s, t), s r 1 and t > 1, which is 
(x, y)-transitive for all x, y  E P with x + y, then S is isomorphic to one of W(s), 
Q(4, s), Q(5, s), H(3, s), or H(4, s), i.e., S is of classical type. 0 1986 Academic Press, 
IIK. 
1. INTR~OUCTI~N 
Let S = (P, B, I) be a finite generalized quadrangle (GQ) [ 1 ] of order 
(s, t). Since there is a point-line duality for GQ, we assume without further 
note that the dual of a given theorem or definition is also given. 
Given two points x, y of S, we write x N y and say that x and y are 
collinear, provided there is some line L for which xZLZy. And x + y means 
that x and y are not collinear. Dually, for L, ME B, we write L - M or 
L 7” M according as L and M are concurrent or nonconcurrent, respec- 
tively. Let xZLZy, x # y; then L is also denoted by xy and the set of all 
points incident with L is denoted by Fy. If L N M, L # M, then the point x, 
with LZxZM, is also denoted by L n M. 
ForxEPputxl={yEP(]y wx} andforAcPputAl=fl(xlIlxEA). 
Ifx-y,x#y,orifx+- yandI{x,y}lll=t+l,wesaythepair(x,y)is 
regular. The point x is regular provided (x, y) is regular for all y E P, y #x. 
The GQ arising from a symplectic polarity of PG(3,q) is denoted by 
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W(q), the GQ arising from a nonsingular hermitian variety in PG(3, q2) 
(resp. PG(4, q2)) is denoted by H(3, q2) (resp. H(4, q2)), and the GQ aris- 
ing from the nonsingular quadric of Witt index 2 in PG(d, q) is denoted by 
Q(d, q), d= 3,4 and 5. 
2. GENERALIZED HOMOLOGIES AND (x, y)-TRANSITIVITY 
Let S= (P, B, I) be a GQ of order (s, t). The collineation (or 
automorphism) 8 of S is called a generalized homology if there exist non- 
collinear points x, y E P which are fixed linewise by 8. Then we say that 8 is 
a generalized homology with centers x, y, and 9 is also denoted by 19(x, y). 
Notice that x, y are not uniquely defined by 0. Clearly x, y and all points 
of {x, y}’ are fixed by 6(x, y). The group of all generalized homologies 
0(x, y), for fixed x, y with x + y, is denoted by X(x, y). 
For x + y the GQ S is said to be (x, y)-transitive if for each z E (x, y} 1 
the group X(x, y) is transitive on E - {x, z} and jE - ( y, z}. If x + y and 
if Z(x, v) is transitive on x7- {x, z} for at least one point z E {x, y}‘, 
then it is easy to show that S is (x, y)-transitive [3]. 
In [3] we prove in a pure geometrical way the following theorem: 
Let S= (P, B, I) be a GQ of order (s, t), s > 1 and t > 1, which is (x, y)- 
transitive for all x, y E P with x + y. Then we have one of the following: 
(i) SZ W(s), (ii) SrQ(4, s), (iii) SgH(4, s), (iv) SzQ(5, s), or 
(v) s = t2 and all points are regular. 
In this note we are concerned with case (v) of this theorem. 
3. THE THEOREM OF M. A. RONAN 
In [2] Ronan gives a characterization of Q(4, q) and Q(5, q) which 
utilizes the work of Tits [4, 53 on Moufang GQ. Ronan’s treatment 
includes infinite GQ and relies on topological methods. In [ 1 ] we offer an 
“elementary” treatment which, although it still depends on the theorem of 
Tits, is geometrical rather than topological, and which corrects a slight 
oversight in the case t = 2. 
Let S = (P, B, I) be a GQ of order (s, t), s > 1 and t > 1. A quadrilateral 
of S is just a subquadrangle of order (1, 1). A quadrilateral Z is said to be 
opposite a line L if the lines of Z are not concurrent with L. If C is 
opposite L, the four lines incident with the points of Z and concurrent with 
L are called the lines of perspectivity of Z from L. Two quadrilaterals ,Y 
and c’ are in perspective from L if either ,Z’= c’ is opposite L, or C#Z’ 
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and C, Z:’ are both opposite L and the lines of perspectivity of Z from L 
are the same as the lines of perspectivity of Z’ from L. 
THEOREM OF M. A. RONAN [2]. The GQ S= (P, B, I) of order (s, t), 
s > 1 and t > 2, is isomorphic to Q(4, q) or Q(5, q) iff given a quadrilateral E 
opposite a line L and a point x’, x’EL, incident with a line of perspectivity of 
C from L, there is a quadrilateral C’ containing x’ and in perspective with C 
from L. 
Remark on the Case t = 2 [ 11. For t = 2 and s > 1, i.e., for Q(4,2) and 
H(3,4), it is easy to show that Ronan’s quadrilateral condition of the 
preceding theorem is satisfied. 
4. CLAWFICATION OF ALL (x, y)-TRANSITIVE GQ 
THEOREM. Let S = (P, B, I) be a GQ of order (s, t), t > s > 1, for which 
every line is regular. Zf S is (L, M)-transitive for all L + M, then 
SE Q(5, s). 
Proof Let L be a line of S and let C be a quadrilateral opposite L. Let 
M 1,,.., M4 be the lines incident with the points of C, let mi be the point of 
Z incident with Mi, and let M, n L = pi, i = l,..., 4. Consider a point m;ZM1 
with m’,tL, and let the points m;, m;, ml be defined by m:,IM,, i = 2,3,4, 
and m;-m;-m;-mI,. 
First, suppose we have at least one of p, # pJ and p2 # p4, say p1 # p3. 
Then M, + M3. Since S is (M,, M,)-transitive, there is a collineation 8 
fixing M, and M3 pointwise and for which (mlmz)’ = m,m4. Then it is 
clear that L’=L, mt=m,, (m2m3)‘=m4m3, mi=m,, M;=M,, pt=p4, 
re 
m3 =m;, (m;m;)‘=m&m;, m;‘=m&, m;‘=m;. Since rn; wrn; we also 
have rn;‘-rn;‘, hence rn; -m&. Consequently the quadrilateral Z’ with 
points rn; ,..., rnk and lines rn; m;,..., rnirn; , contains the given point rn; and 
is in perspective with .Z from L. 
Next, suppose that p1 = p3 and p2 = p4. Assume that rn; + m&. Let ml 
be defined by rn; - m;Zm;m&. Then rni + p4. The quadrilateral defined by 
the points m;, m;, m;, rni is denoted by Z”. Clearly C” is opposite the line 
L. Let MI, be the line incident with rni and concurrent with L, and let 
M,nL=p&. Since pz#p&, and letting 2” play the role of C in the 
previous paragraph, we see that there is a point my which is incident with 
MI, and collinear with m, and m3. We have M3 N L - MI, 
M3-m3m~-M~, and M3-m;mk- MI. By the regularity of L and since 
Ma-L, Ma- m;m&, we have M4 - m3mr. Since there is a unique line 
which is incident with m3 and concurrent with M,, we have rn3rnd = m,mr. 
Since there is a unique point which is incident with m3m4 and collinear 
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with m,, we have m., = my. Consequently there arises a triangle m4p>p2, a 
contradiction. Hence rn; N mb. Again we have that the quadrilateral Z’ 
with points m ; ,..., m& and lines m;rn; ,..., mbrn;, contains rn; and is in 
perspective with Z from L. 
By the theorem of Ronan SZ Q(4, s) or SE Q(5, s). Since s # t, we 
necessarily have S z Q( 5, s). 
THEOREM. Let S = (P, B, I) be a GQ of order (s, t), s > 1 and t > 1, 
which is (x, y)-transitive for all x, y E P with x + y. Then S is isomorphic to 
one of W), Q(4,sh Q(5, s), H(3, ) s , or H(4, s), i.e., S is of classical type. 
ProoJ By the theorem in [3] S is isomorphic to one of W(s), Q(4, s), 
H(4, s), Q(5, s), or s = t* and all points are regular. Suppose we are in the 
case where s = t* and all points are regular. Then by the dual of the 
previous theorem we know that S is isomorphic to the dual of Q(5, t). 
Since the dual of Q(5, t), t* = s, is isomorphic to H(3, s) [ 11, we finally 
have S r H( 3, s). 
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